Using BRST-BV approach, massless and massive continuous-spin fields propagating in the flat space are studied. For such fields, BRST-BV gauge invariant Lagrangian is obtained. The Lagrangian and gauge transformations are constructed out of traceless gauge fields and traceless gauge transformation parameters. Interrelation between the BRST-BV Lagrangian and the Lagrangian for the continuous-spin fields in metric-like approach is demonstrated. Considering the BRST-BV Lagrangian in the Siegel gauge, we get gauge-fixed Lagrangian which is invariant under global BRST and antiBRST transformations.
Introduction
Continuous-spin field can be considered as a field theoretical realization of continuous-spin representation of the Poincaré algebra (see, e.g., Ref. [1] ). In view of various interesting features, the continuous-spin field theory has attracted attention for a long period of time (see, e.g., Refs. [2] - [18] ). For the review of recent developments in this topic see Ref. [13] . Perhaps one of the intriguing features of the continuous-spin field is that this field is decomposed into an infinite tower of coupled scalar, vector, and tensor fields which involves of every spin just once. We recall then that it is such tower of scalar, vector, and tensor fields that appears in the theory of higher-spin gauge field in AdS space [19] . Therefore we expect that certain intriguing interrelations between the higher-spin gauge theory and the continuous-spin field theory might exist. Also it seems likely that some regimes in string theory can be related to the continuous-spin field theory (see, e.g., Refs. [4] ). Regarding string theory, we note that all gauge invariant and Lorentz covariant formulations of string field theories are realized only in the framework of BRST-BV approach.
1 This is to say that BRST-BV approach turned out to be not only powerful method for the studying quantum properties of string field theories but also efficient method for building classical string field theories [30] . Taking this into account it seems then worthwhile to apply a BRST-BV approach for the studying a continuous-spin field. This is what we do in this paper.
Lagrangian metric-like formulation of massless continuous-spin field in R 3,1 space-time was obtained in Ref. [6] , while Lagrangian metric-like formulation of massless and massive continuousspin fields in R d−1,1 space-time with d ≥ 4 was obtained in Ref. [9] . In this paper, our aim is twofold. First, we build BRST-BV Lagrangian formulation of massless and massive continuousspin fields in R d−1,1 space-time with d ≥ 4. Second, we demonstrate the interrelation between our BRST-BV Lagrangian formulation and the metric-like Lagrangian formulation in Refs. [9] .
The BRST-BV formulation of the continuous-spin fields we discuss in this paper turns out to be closely related to the metric-like formulation of the continuous-spin fields. The metric-like formulation of the massless and massive continuous-spin fields in terms of double-traceless fields in R d−1,1 space-time was obtained in Refs. [9] . In the framework of the BRST-BV formulation, we prefer however to deal with traceless fields. A metric-like formulation of the continuous-spin fields in terms of traceless fields can straightforwardly be obtained from the metric-like formulation of the continuous-spin fields in terms of double-traceless fields. Therefore, for the reader convenience, in Sec.2, we briefly review the metric-like formulation of the continuous-spin fields in terms of the double-traceless fields developed in Ref. [9] and then we use such formulation for the derivation of the metric-like formulation of the continuous-spin fields in terms of traceless fields. After that, in Sec.3, we develop the BRST-BV formulation of continuous-spin fields. Namely, first, we begin with discussion of the field content entering our BRST-BV formulation. Second, we present our result for the gauge invariant BRST-BV Lagrangian for massless and massive continuous-spin fields. Third, we discuss the interrelation between the BRST-BV Lagrangian formulation and the metric-like Lagrangian formulation. Finally, using the Siegel gauge, we obtain gauge-fixed Lagrangian which is invariant under global BRST and antiBRST transformations. Lagrangian formulation in terms of double-traceless fields. To discuss metric-like Lagrangian formulation we use the following set of scalar, vector, and tensor fields of the
In (2.1), fields with n = 0, n = 1, and n ≥ 2 are the respective scalar, vector, and rank-n totally symmetric tensor fields of the so(d − 1, 1) Lorentz algebra. Fields (2.1) with n ≥ 4 are doubletraceless, φ aabba 5 ...an = 0. To streamline presentation of the Lagrangian formulation we introduce oscillators α a , υ to collect fields (2.1) into ket-vector |φ defined by the relation
Our convention for the oscillators may be found in the Appendix. Ket-vector (2.2) satisfies the following two algebraic constraints:
where the operators N α , N υ ,ᾱ 2 are defined in (A.4),(A.5) in the Appendix. The second constraint in (2.3) tells us that fields (2.1) with n ≥ 4 are double-traceless.
In terms of the ket-vector |φ , action and Lagrangian take the form [9] ,
, (2.6)
where φ| ≡ |φ † , |Lφ ≡L|φ , L φ| ≡ |Lφ † , while the definition of the operators ✷, α∂, α 2 , Π [1, 2] is given in the Appendix (see (A.4)-(A.6)). In (2.4),(2.7), the m is a mass parameter, while the κ stands for a dimensionfull constant parameter. Requiring the action (2.4) to be real-valued (classical unitarity) and irreducible, we get the restrictions κ 2 > 0, m 2 ≤ 0. To discuss gauge symmetries of action (2.4) we introduce the following set of gauge transformation parameters:
In (2.8), gauge transformation parameters with n = 0, n = 1, and n ≥ 2 are the respective scalar, vector, and rank-n totally symmetric tensor fields of the so(d − 1, 1) Lorentz algebra. Gauge transformation parameters (2.8) with n ≥ 2 are traceless, ξ aaa 3 ...an = 0. To simplify the presentation of gauge symmetries we collect gauge transformation parameters (2.8) into ket-vector |ξ defined by the relation
Ket-vector (2.9) satisfies the following two algebraic constraints:
The second constraint in (2.10) tells us that ξ a 1 ...an (2.8) with n ≥ 2 are traceless. By using ket-vectors |φ (2.2) and |ξ (2.9), we can present gauge transformations as
Lagrangian formulation in terms of traceless fields. Using the formulation in terms of doubletraceless fields discussed above, we can obtain a Lagrangian formulation in terms of traceless fields in a rather straightforward way. To this end we decompose the double-traceless ket-vector |φ (2.2) in two traceless ket-vectors, denoted by |φ I , |φ II ,
Relations (2.13) tell us that the ket-vectors |φ I , |φ II are traceless. Plugging |φ (2.12) into (2.4), we get the desired representation for the Lagrangian in terms of the traceless ket-vectors,
14)
The |Lφ appearing in (2.14) can also be expressed in terms of the traceless ket-vectors |φ I , |φ II by using (2.12),(2.13),L
where the operator A a is defined in (A.6). Operators g,ḡ appearing in (2.16),(2.17) are given in (2.6). In terms of the ket-vectors |φ I , |φ II , gauge transformations (2.11) take the following form: 20) where the |ξ is given in (2.9). Note that, for the derivation of gauge transformations (2.19),(2.20) we use (2.11) and the inverse to relation in (2.12)
21) 22) where the operator Π [1, 2] is given in (A.6). To summarize, our formulations in terms of traceless fields and double-traceless fields are completely equivalent.
BRST-BV formulation of continuous-spin field in
Field content. To describe a field content entering our BRST-BV formulation of a continuousspin field we introduce Grassmann coordinate θ, Grassmann odd oscillators η, ρ, and Grassmann even oscillators α a and υ. The coordinate θ and the oscillators η, ρ, υ transform as scalars of the so(d−1, 1) Lorentz algebra, while the oscillators α a transform as vector of the so(d−1, 1) Lorentz algebra. Using the coordinate θ and the oscillators we introduce a ket-vector |Φ by the relation
where the argument x in (3.1) stands for coordinates x a of the space-time R d−1,1 , while the argument α in (3.1) stands for the vector oscillators α a . By definition, field Φ (3.1) is Grassmann even. Also, by definition, ket-vector |Φ (3.1) satisfies the following two algebraic constraints:
Usual scalar, vector, and tensor fields depending on the space-time coordinates x a are obtained by expanding Φ (3.1) into the Grassmann coordinate θ and the oscillators α a , υ, η, ρ. Using algebraic constraints (3.2),(3.3), we now illustrate a catalogue of the scalar, vector, and tensor fields entering ket-vector |Φ (3.1). To this end we note that the Taylor series expansion of ket-vector |Φ (3.1) into the Grassmann coordinate θ and the Grassmann-odd oscillators η, ρ is given by
where ket-vectors appearing on the right hand side of relations in (3.5),(3.6) depend, besides the space-time coordinates x a , only on the oscillators α a , υ. Throughout this paper, ket-vector |φ (3.5) is referred to as ket-vector of fields, while ket-vector |φ * (3.6) is referred to as ket-vector of antifields. Plugging |Φ (3.4) into (3.2),(3.3), we see that algebraic constraints for the ket-vectors |φ , |φ * take the same form as the ones for the ket-vector |Φ in (3.2),(3.3),
Now taking into account the first constraint in (3.7), it is easy to see that the ket-vectors |φ I,II , |c , |c (3.5) depend on the oscillators α a , υ in the following way:
From (3.7),(3.8), we see that the ket-vectors |φ , φ * satisfy the same algebraic constraints. Therefore the Taylor series expansion of the ket-vectors |φ * I,II , |c * , |c * (3.6) in the oscillators α a , υ takes the same form as the one in (3.9)-(3.12),
15)
To summarize, relations (3.9)-(3.12) illustrate the field content entering the ket-vector |φ (3.5), while relations (3.13)-(3.16) illustrate the antifield content entering ket-vector |φ * (3.6).
(Anti)fields with the n = 0, n = 1, and n ≥ 2 are the respective scalar, vector, and totally symmetric rank-n tensor fields of the so(d − 1, 1) Lorentz algebra. The second constraints in (3.7), (3.8) tell us that all the tensor (anti)fields are realized as traceless tensors of the so(d − 1, 1) Lorentz algebra. 2 BRST-BV Lagrangian and gauge symmetries. We use the version of the BRST-BV formulation discussed in Ref. [30] . 3 Let us briefly review the main ingredients of the formulation in Ref. [30] . The gauge-invariant BRST-BV action takes the following form:
where the BRST operator Q entering BRST-BV Lagrangian (3.17) admits the following representation:
18) depend only on the oscillators and do not depend on the Grassmann coordinate θ, the space-time coordinates x a , and the derivatives ∂ θ , ∂ a . In this paper, the operators M ηa , M η , M ηη are referred to as spin 2 The use of the traceless (anti)fields for the BRST-BV formulation of conformal fields and massless AdS fields may be found in the respective Ref. [22] and Ref. [23] . Traceless fields also turn out to be convenient for the studying AdS/CFT correspondence in the framework of BRST approach [24] . Discussion of various unconstrained and constrained BRST formulations may be found, e.g., in Refs. [25] - [29] . 3 Discussion of other interesting version of BRST formulation with application for the studying massless continuous-spin field in R 3,1 may be found in Ref. [5] . The BRST action in Ref. [5] consists, besides Φ|Q|Φ -term, the additional contribution with Lagrange multiplier fields. Also, in Ref. [5] , there is interesting conjecture about interrelation between the higher-spin field theory in Refs. [31] and some regime in the continuous-spin field theory.
operators, while the operator M 2 is referred to as square mass operator. The nilpotence equation Q 2 = 0 implies the following (anti)commutation relations for the M 2 and the spin operators, Gauge transformation parameter Ξ (3.23) depends on the space-time coordinates x a , the Grassmann coordinate θ, and the oscillators α a , υ, η, ρ. By definition, Ξ (3.23) is Grassmann odd. Also, by definition, the ket-vector |Ξ satisfies the following two algebraic constraints:
We see that constraints for the |Ξ (3.24),(3.25) take the same form as the ones for the |Φ (3.2),(3.3). Therefore our analysis of the constraints for the |Φ is easily extended to the case of the |Ξ . Namely, the |Ξ is built in terms of gauge transformation parameters which are scalar, vector, and totally symmetric traceless tensor fields of the so(d − 1, 1) Lorentz algebra. Also we note that representation for the |Ξ in terms of scalar, vector, and tensor gauge transformation parameters is obtained by the replacement fields (3.9)-(3.16) with scalar, vector, and tensor gauge transformation parameters. Solution to spin operators. As we reviewed above, a problem for building BRST-BV Lagrangian and gauge transformations amounts to a problem for building a realization for the spin operators and the M 2 which satisfy the (anti)commutation relations presented in (3.19)-(3.22). In our approach, the continuous-spin field is described by |Φ (3.1) which satisfies constraints (3.2), (3.3) . This implies that we should find solution to (anti)commutation relations (3.19)-(3.22) which respects constraints (3.2),(3.3) . We find the following solution for the spin operators and the M 2 : 29) where the operator A a is defined in (A.6) and we use the notation
30)
In (3.29), (3.35) , the m is a mass parameter, while the κ is a dimensionfull constant parameter. Definition and detailed discussion of classical unitarity and irreducibility for continuous-spin field may be found in Sec.4. in Ref. [9] . Briefly speaking, for the case under consideration, the classical unitarity and the irreducibility amount to the condition F υ > 0 for all N υ = 0, 1, 2, . . . , ∞. From (3.35), it is easy then to see that the classical unitarity and the irreducibility imply the following restrictions on the κ and m: κ 2 > 0, m 2 ≤ 0. Interrelation between BRST-BV formulation and metric-like formulation. We now establish the interrelation between our BRST-BV Lagrangian (3.17) and Lagrangian obtained in the framework of metric-like approach by using traceless fields (2.14) . To this end we equate to zero all fields and antifields having a nonzero ghost number,
For the ghost numbers of fields and antifields, see relations (A.8),(A.9) in the Appendix. Making use of relations (3.36) , it is easy to see that our BRST-BV Lagrangian (3.17) takes the following form:
where the operatorsL I , L II entering Lagrangian (3.37) are given in (2.16), (2.17) . From Lagrangian (3.37), using the Lagrangian equation of motion for the antifield |c * , we find the relation
which tells us that the antifield |c * is expressed in terms of the traceless fields |φ I , |φ II . Plugging |c * (3.38) into (3.37), we verify that BRST-BV Lagrangian (3.37) becomes the metric-like Lagrangian written in terms of traceless fields (2.14).
Siegel gauge and global BRST and antiBRST transformations. Making use of the Siegel gauge condition |φ * = 0, we find that the BRST-BV Lagrangian (3.17) leads to the simple gauge-fixed Lagrangian given by
where, when passing from gauge invariant BRST-BV Lagrangian (3.17) to gauge-fixed Lagrangian (3.39), we change the sign of the Faddeev-Popov ghost field, |c → −|c . One can make sure that the gauge-fixed Lagrangian given in (3.39) is invariant under the global BRST and antiBRST transformations,
40)
where the operatorsL I , L II are given in (2.16), (2.17) , while the operators G I ,Ḡ II are given in (2.19), (2.20) . Using the relation
and the same relation for the |c , we verify that the global BRST and antiBRST transformations given in (3.40), (3.41) are nilpotent s 2 = 0,s 2 = 0, ss +ss = 0 only for on-shell FaddeevPopov fields |c , |c . Recent interesting discussion of (anti)BRST transformations may be found in Refs. [32] .
To summarize, we developed the BRST-BV formulation of the free massless and massive continuous-spin fields. As is well known the BRST approach turns out to be powerful method for the studying interaction vertices of higher-spin gauge field theories (see, e.g., Refs. [33] - [36] ). We believe therefore that our BRST-BV formulation of the free continuous-spin fields will be helpful for the studying gauge invariant and Lorentz covariant interaction vertices of the continuous-spin field theory.
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Appendix A Notation and conventions
We use mostly positive flat metric η ab , where vector indices of the so(d − 1, 1) Lorentz algebra take values a, b, c, e = 0, 1, . . . , d − 1. We drop the η ab in the scalar product:
The left derivative for the θ is denoted as ∂ θ = ∂/∂θ. An integral over θ is normalized as dθθ = 1. Hermitian conjugation rules for the x a , θ and their derivatives are defined as (x a , θ) 
We use the following shortcuts for products of the derivatives and the oscillators: 
